Piezoelectric energy harvesting from ambient vibrations is well studied, but harvesting from quasi-static responses is not yet fully explored. The lack of attention is because quasi-static actions are much slower than the resonance frequency of piezoelectric oscillators to achieve optimal outputs; however, they can be a common mechanical energy resource: from large civil structure deformations to biomechanical motions. The recent advances in bio-micro-electro-mechanical systems and wireless sensor technologies are motivating the study of piezoelectric energy harvesting from quasi-static conditions for low-power budget devices. This article presents a new approach of using quasi-static deformations to generate electrical power through an axially compressed bilaterally constrained strip with an attached piezoelectric layer. A theoretical model was developed to predict the strain distribution of the strip's buckled configuration for calculating the electrical energy generation. Results from an experimental investigation and finite element simulations are in good agreement with the theoretical study. Test results from a prototyped device showed that a peak output power of 1.33 mW/cm 2 was generated, which can adequately provide power supply for low-power budget devices. And a parametric study was also conducted to provide design guidance on selecting the dimensions of a device based on the external embedding structure.
Introduction
Energy harvesting technologies provide alternative solutions of long-term power sources for wireless sensors and wearable electronics that overcome the limitations of battery lifetime or wiring harnesses (Mann and Sims, 2009; Park et al., 2008) . The basic concept of energy harvesting is to generate electric power from ambient mechanical energy. The most common energy harvesting approach is to use piezoelectric materials, whose direct piezoelectric effect allows the materials to transform mechanical strain into electrical charge. Sources of ambient mechanical energy available for conversion include forces, displacements, pressures, and vibrations. To date, vibration is the most used and efficient mechanical energy source since it can generate large strain changes at high rates and thus lead to relatively high-level continuous power generation. However, vibration-based energy harvesters have a narrow operating frequency bandwidth and perform poorly under low-frequency excitation sources (Beeby et al., 2006; Harne and Wang, 2013; Sodano et al., 2004) . Low-frequency quasi-static (( 1 Hz) deformation sources are very common in daily life-from deformations in large civil structures to biomechanical motions such as human walking and heart beats (Green et al., 2013 ). Yet, much less attention has been paid to harnessing power from low-frequency excitation sources because, contrary to vibration, they are well below the resonance frequency of piezoelectric materials and generate small strain changes at low rates (Roundy et al., 2005) .
Several studies have investigated harvesting energy from quasi-static loading conditions. Theoretical and experimental studies on PVDF (polyvinylidene fluoride) film energy harvesters for MEMS (micro-electromechanical systems) power sources showed that the maximum power output of a 1 cm 2 piezo-film was in the range of 0.0025-0.37 mW, depending on the geometry and thickness (Sohn et al., 2005) . This level of harvested power could be sufficient for a deoxyribonucleic acid (DNA) detection chip, which requires 10 mW to activate twice a day (Cain et al., 2001) . Energy harvesting from arterial blood pressure was investigated theoretically and numerically and the results show that about 20 mW of peak power can be converted at a blood impulse rate of 0.89 Hz (Nanda and Karami, 2017) . In our previous work, an effective method to harness energy from quasi-static deformation was demonstrated by converting axial deformations into multiple transverse impulses, to trigger vibration of an attached cantilever piezoelectric transducer, using a bilaterally constrained axially loaded strip (Lajnef et al., 2012; Liu and Burguen˜o, 2016) .
It is widely agreed that ;100 mW of continuous power is the minimum requirement to operate a single sensor. However, as technologies advanced, some sensors or in vivo bio-MEMS are highly energy efficient and can operate at a power budget level \1 mW (Roundy et al., 2003a; Warneke and Pister, 2002) . For example, a data computation and logging system for sensing applications developed at our university can achieve data processing and storage at power levels below 1 mW (Chakrabartty et al., 2011) ;a brain micro stimulation device for treatment of Parkinson's disease, epilepsy, spinal cord injuries, and neurological disorders requires less than 1 mW to stimulate a single neuron (McCreery et al., 2006) .
Elastic buckling and post-buckling responses have being increasingly explored as a desirable phenomenon since the transitions between stable states involve significant configuration changes with large strain rates and strain energy releases. Such response features have been harnessed in the design of energy harvesters (Cottone et al., 2012; Liu and Burguen˜o, 2016; Qi et al., 2011) , actuators (Han et al., 2004; Meressi and Paden, 1993) , switches (Jang et al., 2001; Ma, 2004) , smart materials with novel functionalities (Babaee et al., 2015; Rafsanjani et al., 2015) , and more (Hu and Burguen˜o, 2015) . Nano-scaled buckled PZT (lead zirconate titanate) ribbons reveal an enhancement in their stretchability by an order-of magnitude increase and an amplified piezoelectric effect of up to 70% (Qi et al., 2011) . A random analysis was conducted on a controlled buckling structure for energy harvesting that shows the optimal locations of electrodes are robust to the upper bound of environmental excitation . The new vision of buckling has found its way toward the enhancement of energy harvesters using the snap-through behavior of pre-buckled elements to introduce nonlinear behavior to linear generators, and thus overcome bandwidth limitations for higher efficiency. Jung and Yun (2010) proposed an energy harvesting device with buckled bridges to up-convert the generator's resonate frequency under low-frequency vibration excitation. An experimental investigation conducted by Sneller et al. (2011) showed that a postbuckled piezoelectric beam with attached central mass can achieve a broader frequency range over which snap-through can occur under a lower harmonic forcing amplitude. Controlled buckling of piezoelectric beams is used to generate electricity from the weight of passing cars or crowds (Ansari and Karami, 2015) . Enhanced power generations have also been found when thin piezoelectric beams are used in their buckled configuration under random vibrations (Cottone et al., 2012) and chaotic vibrations (Van Blarigan et al., 2012) .
In this article, a new method to effectively covert quasi-static load into usable electric energy is proposed using a laterally constrained strip with a bonded unimorph piezoelectric film on the strip's surface. The axially compressed slender strip with bilateral rigid constrains allows a continuously large deformation in its elastic regime (Chai, 1998 (Chai, , 2002 Stein et al., 1990) , thus providing axial strain for the bounded piezoelectric film to generate electric power. A theoretical model was developed to predict the corresponding strain of the buckled configuration of the strip, and thus calculate the electrical energy generation. An experimental investigation and finite element simulations were conducted to validate the theoretical results.
Theoretical model

Buckling of bilaterally constrained strip
An analytical model based on the results of Chai (1998) and the simplified approach of Xiao and Chen (2013) to predict the mode transitions and the buckling shapes of the bilaterally constrained strip with clamped boundary condition under controlled end shortening was adopted, and the model was modified for the placement of the strip adjacent to one side of the constraint. The deformed shapes can be discretized into three parts (see Figure 1) (Chai, 1998 (Chai, , 2002 Xiao and Chen, 2013) : the curved segment with projected length L 2 , the straight segment L 1 , and the end shortening DL, which yield the column's total length L 0 = SL 2 + L 1 + DL. Figure 1 also shows the first three buckling mode configurations for this theoretical model.
The response of an elastic Euler beam under axial compression can be defined by a fourth-order linearized differential equation (Chai, 1998; Timoshenko, 1908) as
where P and I are the compression force and the moment of inertia. Under a symmetry assumption (Chai, 1998) 
where h 0 is the gap between the constraining walls. The constraint of coefficient k in equation (1) satisfies kL 1 =2p = 1. The shape of the curved segments in other modes can be represented in a similar manner. Therefore, the length of the curved segments can be calculated as
The total length of the deformed strip is
and the axial stress of the strip due to bending and compression is
The potential energy of the strip in this model is considered to consist two parts: compression energy and bending energy. The compression energy is assumed to be uniform per cross-sectional area along the strip and the bending energy is assumed to only exist in the curved segments (Xiao and Chen, 2013) . Therefore, the compression energy of the strip is
The curvature of the curved segments is
The bending energy of the curved segments is
Therefore, for a given end shortening DL, the length of the straight segment length, L 1 , and the projection of the curved segment, L 2 , can be determined at the minimum strain energy (i.e. E compression + E bending ). Thus, the buckling shape configurations can be estimated accordingly. The buckling amplitude increases with DL and the deformed strip makes lateral contact with the constraint that forms straight segments L 1 . The straight segment keeps growing until the compression strain in the longest straight segment (i.e. the length is 2L 1 for the symmetric condition) exceeds the critical strain, at which point the strip transitions to a higher mode configuration. The critical strain for the straight segment 2L 1 is calculated as
However, the effective length factor, K, is unknown since the boundary conditions of the straight segment L 1 are somewhere between pin-pin (K= 1) and fixedfixed (K= 0.5). The average value of K= 0.75 was adopted in this study.
Piezoelectric energy generation
The piezoelectric layer bonded to the strip was modeled as a thin beam based on the Euler-Bernoulli beam theory, the cross section of the strip with a unimorph PVDF film is shown in Figure 2 . Since the thickness of the piezoelectric layer is much smaller compared to that of the strip, only the axial stress component s 1 of the strip is considered since all other stress components are negligible. The transverse electric displacement is given by
where subscripts 1 and 3 indicate the longitudinal and transverse (poling) directions; s is the compliance tensor (m 2 /N); d is the piezo strain tensor (C/N); e T is the permittivity tensor (F/m); D is the electric displacement (C/m 2 ); and E 3 is the electric field in the transverse direction (N/C). The total electric charge Q is given by the integral of the effective piezoelectric surface area A p over the electric displacement
The current i in a closed-circuit condition is the time derivative of charge
Thus, the voltage across a resistance load R L can be written as
Based on an equivalent current model for the piezoelectric energy harvester, an equivalent capacitance of the piezo-layer C p is connected in parallel with the resistive load R L . Thus, the voltage across the equivalent capacitance of the piezoelectric patch, V(t), is equal to the voltage across the resistive load, V R L (t). With Maxwell's equation, the transverse electric field and voltage follows the relation E 3 = -V(t)/h p , where h p is the thickness of the piezo-layer. Thus, equation (14) can be rewritten as
where e T 33 A p =h p = C p . If we replace the above equation with the time constant t = R L C p , then the equation can be expressed as
The electrical power generated is therefore written as
The electrical energy generated by the post-buckling of the strip is
For an open-circuit condition E 3 equal to zero since there is no applied external electric field. Thus, from the relation Q = C p V (t), the voltage present at the electrodes is
Experimental study
Mechanical testing
The test strips were fabricated with a 3D printer (Objet Connex350, Stratasys Ltd., Eden Prairie, MN) using a rigid photo-polymer material (VeroWhite RGD835), see Figure 3 (a). The rigid constraints in the test setup consisted of aluminum plates with an electrical insulating layer on the surfaces (Figure 3(b) ). The walls were separated by a gap h 0 , such that the h 0 /t 0 ratio was kept constant at 1.7. The strip was fully fixed at the bottom, and rotations and transverse translations were constrained at the top (Figure 3 (c) ). The strip was subjected to a full loading and unloading cycle (20 s period) of axial compression under controlled end shortening to a target of 3.8 mm (i.e. 2% global axial strain) using a universal testing frame (Instron 5982, Norwood, MA). A piezoelectric film (properties given in Table 1 ) was glued to one side of the strip surface using an epoxy adhesive.
Power measurement
To quantify the power output of the piezoelectric strip device, the voltage as a function of load resistance was studied. The generated voltage dissipates over time in a close circuit and depends on the load resistance, as shown in equation (17). The outlets from two electrode layers of the piezoelectric film were connected in parallel with the load resistance, and the corresponding load circuit voltage and power were measured for various resistance values. PVDF has a very high output impedance under low-frequency loading conditions. Thus, to properly interface with the device, a JFET-based op-amp (TI LF411), which has a very high input impedance (1 TO), was used to minimize the effect of slow loading. The device was connected to the JFET op-amp buffer and the output was probed with an oscilloscope (RIGOL DS1102E, China). Data were collected at 0.1 s intervals. The interface circuit is shown in Figure 4 .
Numerical simulation
Numerical simulations were conducted to verify the open-circuit voltage obtained from the theoretical solution. A finite element (FE) model of the bilaterally constrained strip attached with a piezoelectric layer was developed using the program ABAQUS (Simulia 2017). The model had three parts: the strip, modeled using eight-node brick elements (C3D8R), the piezoelectric film, modeled using linear piezoelectric brick elements (C3D8E), and the rigid constraints, modeled with an analytical rigid element. The geometry and boundary conditions of the finite element model were consistent with the experiment test setup. A rigid frictionless contact interaction with zero penetration was defined between the laterally constraining walls and the strip parts. The contacted side of the piezoelectric film surface was tie-constrained with the strip, thus enforcing equal deformations, and a ground electric potential boundary condition was assigned on the same surface of the piezo-layer to allow an electric potential difference to be generated. A reference point tied all the nodal electric potential degrees of freedom on the top free surface of the piezo-layer to add up the generated voltage. Two analyses: a linear eigenvalue analysis and a nonlinear implicit dynamic analysis were conducted. The linear analysis was used to obtain buckling mode shapes to be superposed on the ideal strip as an artificial imperfection to trigger nonlinear buckling in the dynamic analysis. The seeded imperfection had contributions from three mode shapes with gradually decreasing amplitude with respect to the strip's thickness: first (0.8%), third (0.6%), and fifth (0.2%).
Results
Model validation
The theoretical and numerical models were validated by comparing their response predictions with the experiment. The mechanical response of the strip obtained from the theoretical model, numerical simulation, and experiment are compared in Figure 5 , for a load cycle to 3.8 mm end shortening in 20s (full loading-unloading cycle). It can be seen that the theoretical model and FE simulations adequately captured the number of buckling mode transitions, and the initial and end response stiffness. The mode jump triggering time is very sensitive and difficult to predict exactly, as eccentricities on the placement of the strip and loading plate, actual imperfections, and friction resistance between and the strip and walls will affect the onset of mode jumping. Therefore, differences between the results due to these modeling uncertainties are difficult to avoid. Nonetheless, the theoretical and numerical models are considered acceptable for the purposes of this study.
Mechanical response
The post-buckling transition process of the bilaterally constrained strip, in terms of the buckling shape configuration and the axial force, can be obtained from the theoretical model. The development of the curved segment length L 2 and the axial force of the strip versus the strip end shortening are shown in Figure 6 (a). It can be seen that during the initial loading stage, the strip is at its pre-buckled initial configuration, which is straight with no curved segment lengths. Two curved segments develop when the first buckling mode jump is triggered. The length of the curved segments decreases as the end shortening increases since more flat segments L 1 develop as the strip contact with the constraint's surface grows. Once the flat segment increases to the critical length (i.e. the axial stress of an individual flat segment is higher than the overall axial stress of the strip), its buckling is triggered and the strip keeps deforming in a similar manner in the next buckling mode configuration until the next critical buckling point is reached. Figure 6 (b) presents the buckling configurations at the beginning (dashed line) and the end (solid line) of each buckling mode, which show the growth of the flat segments and the decrease of the curved segments (for each mode shape) as loading proceeds.
Piezoelectric response
The open-circuit voltage of the device obtained from the theoretical model (equation (20)) and the numerical simulation are shown in Figure 7 . It can be seen that the models are in good agreement, predicting a peak voltage around 208 V at a 3.8 mm end shortening. It can also be observed that the voltage curve has the same shape as the load-history response curve ( Figure 5 ). If the load resistance value is very high in a circuit, the resulting voltage is close to the theoretical open-circuit voltage output. However, since the peak open-circuit voltage is much higher than the maximum voltage of the op-amp (;18 V), only the load circuit voltage output was verified experimentally. The device was interfaced with a circuit containing a variable resistor and an op-amp. Two load resistance cases, 100 and 125 MO, are presented in Figure 8 to compare with the theoretical and numerical results. The frequency response needs to be considered for the analytical and numerical analyses since the device operates under a distribution of transient signals over a band of frequencies. The capacitance of the piezoelectric film and the resistive load in the interface circuit together form a divider network with a simple resistor-capacitor (RC) high-pass filter characteristic, which only passes a signal when the frequency of the input is higher than the ''cut-off'' frequency (i.e. 0.707 of the magnitude of the input quantity). Therefore, the raw time-domain voltage signal was filtered (using a fast Fourier transform (FFT) algorithm) to obtain the resulting output signal spectrum and the corresponding time-domain voltage output (using inverse FFT), which gives an asymptotic curve of the output voltage in the corresponding time-domain.
The power-load curve gives the power generated at various load values, which represents the theoretical maximum power that can be generated by the device when it is impedance-matched with the resistance load for a given end shortening. Piezoelectric materials have a very high internal impedance. Under quasi-static deformations, loading effects are substantial when the circuit load is small, and the corresponding voltage and power output are low. When the circuit resistance load matches the piezo resistance value, the generated power is maximum. As the load resistance increases beyond the piezo impedance, the voltage remains almost constant and close to the open-circuit voltage value, but the power will drop since the current will keep diminishing. To obtain the curve, only the voltage and load resistance are needed since the power can be calculated from both variables. The circuit used to obtain the load-voltage and the power-load curves is given in Figure 4 . The voltage output data collected from the oscilloscope was processed using MATLAB to be integrated using equation (18), and the resulting power-load curve is shown in Figure 9 for the prototyped piezo-strip (Table 1) under three different deformation cycles with the same 3.8 mm end shortening. The power is given in mW per surface area of the PVDF, and it is plotted versus the load resistance values in log scale. It can be seen that a peak power of 1.33 mW/cm 2 is obtained and remains unchanged with varying loading time. However, the duration (time) of the deformation cycle affects the dominant response frequency, which implies that the resistance load increases with the deformation cycle period. As seen in Figure 9 , resistance loads of 1, 2, 3 GO matched piezoelectric resistance values for 20, 40, and 60 s deformation cycles.
Parametric study
A parametric study was conducted using the FE model to determine the correlation between power generation and the device's dimensions. In our previous studies on the post-buckling behavior of the bilaterally constrained strip, the strip thickness and gap distance were identified as the key parameters controlling the postbuckling response (Lajnef et al., 2014) . Therefore, Figure 10 shows how the peak power varies with changing strip thickness (i.e. 1.3, 1.1, 0.9, 0.7, 0.5 mm) and gap distance (i.e. 1.8, 1.6, 1.4, 1.2, and 1 mm) for 25 different case scenarios. Figure 10 (a) plots the peak power generated in mW/cm 2 , which increases as the gap distance decreases and the strip thickness increases. However, when the peak power is normalized by the maximum external work done, an inverse relation is observed as the normalized peak power increases with a decrease of the gap distance and the strip thickness, as shown in Figure 10(b) . Therefore, the optimal dimension of the device is not absolute and it can be selected depending on shape factor requirements for placement within a structure or environment.
Discussion
The bilateral constraints provide external supports to the strip after its initial buckling, which leads to a stiffening response and a continuous increase of the axial strain in the elastic post-buckling regime that is in turn converted into electric energy. In order to evaluate the power performance of the proposed mechanism, the peak power outputs from the parametric study are compared with other investigated systems under quasi-static operations, as shown in Table 2 . Since the geometries of the compared devices are different, the peak power is normalized to the volume of the piezoelectric element. It can be seen that under a low operation frequency, the range of the peak power generated of the proposed mechanism, 0.33 to 0.75 mW/cm 3 , is at the higher end compared to the other two systems, which is considered to be adequate to operate high energyefficient applications for which the minimum power requirement is about 1 mW (Roundy et al., 2003b; Warneke and Pister, 2002) . It should be noted that the power performance does not take into account the actual payload performance of the structure in a specific application, which could also influence efficiency.
Conclusion
This article presented a new approach for converting quasi-static deformations into usable electric energy to power energy-efficient micro-sensors and devices, using an axially compressed bilaterally constrained strip with a bonded unimorph piezoelectric layer. A simple theoretical model, based on an energy-method, is used to predict the corresponding strain of the strip's buckled configuration for the purpose of calculating the electrical energy generation. An experimental investigation and finite element simulations were conducted to validate the theoretical results. The analytical model allows accurate prediction on the axial strain caused by the buckled configuration of the strip as a function of axial shortening of the strip. Numerical and experimental results were shown to be in good agreement with the analytical analysis. The experimental results from the prototyped device show that a peak power of 1.33 mW/cm 2 can be generated, which is independent from the deformation loading rate, and which can adequately provide power supply for low-power budget devices. Results from a parametric study that shows peak power ranging from 0.33 to 0.75 mW/cm 3 can provide design guidance on selecting dimensions for the energy harvesting device for different form-factor requirements. 
